is defined and continuous in the closed and bounded interval and satisfies (2) then g(x) necessarily is linear, can be given, as we shall show, which applies equally well to characterize, in terms of equalities analogous to (2), classes of functions [l] differing, and even topologically distinct [2] , from the class of linear functions. The above theorem contains as special case the result concerning linear functions mentioned in the last paragraph of §1.
The converse of the theorem clearly holds, so that condition (3) is both necessary and sufficient in order that a function defined and continuous in the closed and bounded interval be a member of {ƒ(x)}.
Lemmas.
We shall use the following result [l]. If a<Xo<b, we shall obtain a contradiction from the assumption that it could be the same one of f r (x) and f 8 (x) t say ƒ«(#), which is greater on each side of xo.
Let xi, X2 satisfy a<Xi<Xo<X2<b, and consider the member f t (x) of {f(x)}, determined by ft(x) s f[ X ; xi,f 9 (xi); x 2 , fr(x 2 )].
We have ƒ «(#2) </«(#2), so that ƒ % (x) <ƒ,(#), xi<x^b\ in particular, Similarly,
Now (6) and (7) contradict (4). We shall use also the following lemma. LEMMA 
For any positive M there is a member f (x) of {f(x)} such that
PROOF. By the continuity of the members of {ƒ(#)}» there is a positive h such that if 1(a) and 1(b) denote the intervals aSx<a+h and b-h<xSb respectively, then we have and consider the members ƒ «(#) of {ƒ(#)} defined, for -oo <a < + °°, by 7^0.
In §6 we shall show that 7 = 0.
5. Properties of a function determined by the section. The function f y (x) has the following properties:
for some xo, a^xo^b. If (IS) did not hold, by (13) and (14) there would bean #i, a <Xi<b, such that (17) A(*0 < g(*i).
Consider the functions and let 8 be defined by
By (17), (18), (19) and Lemma 1, we have ô>7, so that ô is contained in the set B. But by (17), (19), (20) 
Since the members of {fix)} are continuous, by (21) 
with (28) ƒ»(*)<ƒ,(*),
Starting with (26) in place of (21), and interchanging the rôles of a and b, we can determine analogously the existence of a member ƒ"(*) of {ƒ(*)}, such that From (27), (28), (30) and (31) Suppose that (40) does not hold ; that is, that we have (41) g(x)f&Mx) 9 a^x^b.
We shall obtain a contradiction. By (13) and (41) there is an x, a<$<b, such that g(â) s* fo(x) ;
and we can suppose that Since (43) contradicts (42), the assumption that (40) does not hold has led to a contradiction.
